Abstract-In this paper, a novel serpentine gait generation method is proposed based on geometry mechanics. From the view of differential geometry, the configuration of snake-like robots can be described by a fiber bundle, in which the net locomotion corresponds to the fiber space and the gait corresponds to the bases space. The serpentine gait can be generated by calculating the connection of the fiber bundle. Compared with the traditional gait generation method, such as the curve-based method and the central pattern generator-based method, the proposed method does not assume that the serpentine gait is a standard sinusoidal signal. Models have been developed based on geometric mechanics, which build the relation between the net locomotion and the serpentine gaits analytically. Based on these models, the serpentine gaits for snakelike robots with passive wheels can be generated by planning the quasivelocity and the serpentine gaits for underwater snakelike robots can be generated by analyzing the integral of the height function. The serpentine gaits generated by the proposed method directly couple with the locomotion of the snakelike robot, which enables the desired locomotion to be realized efficiently. To validate the proposed method, both the snakelike robot with passive wheels and the underwater snakelike robot are taken to perform the experiments. Additionally the recursive Newton-Euler method with the model of hydrodynamic forces is also taken to test the underwater serpentine gaits. Experiments and simulation have validated our proposed method.
I. INTRODUCTION

S
NAKES can move in various environments, such as land, ocean, and desert because of their flexible gaits. Scientists have studied the locomotion mechanism of snakes [1] and various snakelike robots have been developed since 1970s [2] - [7] . Different gaits for snakelike robots, such as serpentine gait, sidewinding gait, sinus-lift gait, rolling gait, etc., have been studied [8] - [12] . Among these gaits, the colored serpentine gait is efficient and it is also the most common locomotion gait not only for terrestrial reptiles, but also for many aquatic such as nearly all kinds of fish and aquatic mammals. So, the study for the serpentine gait has been attracting scientists and scholars [13] - [16] . The study of the serpentine gait can be generally categorized into two classes. One is based on the sinusoidal curve and the other is based on the central pattern generator (CPG). The sinusoidal curve based method was first proposed by Hirose who found the serpentine locomotion curvature of snakes could be approximated with the sinusoidal curve and proposed the "serpenoid" curve [8] from the perspective of bionics. Later on, the sinusoidal gait was generally studied: Saito [17] and Ma [18] built the dynamics equations of snakelike robots, analyzed and optimized the parameters of the sinusoidal gait. Liljeback proposed a simplified model of snake robots [19] and designed a path following controller through a cascaded approach [20] based on the sinusoidal gait. Recently, they realized the planar path following control of underwater snake robots using the sinusoidal gait [15] . The serpentine gait can also be generated by CPG method. Ijspeert and Crespi used the CPG to control the snake robot [15] and optimized the parameters of CPG [21] . The drawback of the sinusoidal gait is that the amplitude and the frequency are fixed and cannot change to the changing environment. The CPG-based gait can modify the oscillation with sensory feedback which adapt to the changing environment [22] . Especially, the CPG can couple the dynamics of robots that makes the feedback controller more effective and robust [23] , [24] .
In essence, both the sinusoidal curve based gait and the CPGbased gait assume that the joint angles of snakelike robots are signals from the sinusoidal family, which limits the gait pattern. The most efficient serpentine gaits maybe not the sinusoidal signals. Intuitively, the effective serpentine gaits should be different periodic signals according to different net locomotion rather than signals from the sinusoidal family. In fact, a snakelike robot is a multibody system with nonholonomic constraints. The geometric mechanics introduced by Poincare, Arnold, and Marsden can be used to describe the geometric structures of the locomotion [24] . From the geometric perspective, the configuration of the snakelike robot is a principle fiber bundle, in which the base manifold is the joint angles space, and the fiber manifold is the net locomotion. With this insight, Boyer et al. developed a set of generic tools to study the bioinspired locomotion in robotics [25] - [27] . In this paper, we propose a similar method. Difference from theirs, our proposed method focuses on the gait generation for the serpentine locomotion. Through our proposed method, we find the most efficient serpentine gait are usually not sinusoidal and the sinusoidal gait is only an especial serpentine gait.
In this paper, we study snakelike robots with passive wheels anchored under the belly and underwater snakelike robots. From the view of geometric mechanics, the two systems have similar geometric structure. For the snakelike robot with passive wheels, the nonholonomic constraints are introduced and the net locomotion of the multibody system can be described by geometric phase [28] , [29] . For the underwater snakelike robots, the dynamics constraints are introduced and the net locomotion are called dynamic phase [30] . In this unified frame, Shammas et al. developed geometric motion planning method for threelink system [31] - [33] . Kanso et al. studied the locomotion of three-link robot in a perfect fluid [34] . The basic idea is that the net locomotion can be transformed into area integral through Stokes theorem. The locomotion of three-link robot can be analyzed from the area integral. Hatton et al. developed a novel tool called connection vector fields to study how a given shape change move the system through ambient space [35] - [38] . Compared with the sinusoidal curve-based and CPG-based method, the gait generation method based on geometric mechanics combines the geometric intuition with physics insight, which makes the generated gait more efficient. However, the existing methods are usually difficult to extend to the high dimensional situation. We will attempt to address this question.
In this paper, we use a similar geometric mechanics based method. However, to address the high-dimensional question, the serpentine gaits for snakelike robots with passive wheels are generated from inverse kinematics, and the serpentine gaits for underwater snakelike robots are generated by introducing a projection matrix. The contributions of this paper as follows.
1) For snakelike robots with passive wheels, the kinematic connections are derived from the nonholonomic constraints and the serpentine gaits are generated from inverse kinematics. The generated gait is no longer the simple sinusoidal signal, but a periodic signal which depends on the net motion. In this sense, the gait generated by the proposed method can directly couple with the upper motion planning. 2) For underwater snakelike robots, a Lie group presentation is used and the explicit hydrodynamic connections are derived. After introducing a projection matrix and Stokes theorem, the serpentine gaits correspond to closed curves and can be chosen from the contour graph of height function, which are intuitive and extend the existing underwater serpentine gaits. By studying the shape of the contours, we find that the "ellipse" gait can make full use of the geometric structures of the locomotion and is more efficient than the sinusoidal gait.
3) The proposed method also provides a new perspective to understand the relation between the net locomotion and serpentine gaits. In the rest of this paper, we will define the basic concept of geometric mechanics in Section II. The kinematic connection and hydrodynamic connection will be derived in Section III. We will present how to generate serpentine gaits with the connection in Section IV. The experiment results with real snakelike robots and numerical Newton-Euler based method will be presented in Section V. Finally, the conclusion is given in Section VI.
II. BASIC NOTATION AND DEFINITIONS
A snakelike robot is composed of serial chains of rigid bodies connected by rotation joints. Its configuration space contains the relative angles between the adjacent modules denoted by (φ 1 , φ 2 , . . . , φ n −1 ) and the pose of the head denoted by g as in Fig. 1 . The shape of snakelike robots can be decided by relative angles. Snakelike robots move forward or change the orientation by changing the shape of the body. The relation between the net moving and the shape changing can be described by principle fiber bundle. In geometry, a fiber bundle is a triple (E, π, M ), where π : E → M is a map. M is called the base space and E is called total space. The section of the bundle can be defined as ξ : M → E and π • ξ = id E . For the principle fiber bundle, the total space is represented as E = M × G, where G is called fiber which is a Lie group. As for snakelike robots, the base space is the shape space denoted by M = {(φ 1 , φ 2 , . . . , φ n −1 )}, and the fiber space is the pose space denoted by G = {g}. The total space is E = S 1 n −1 × G. Generally, the fiber space G is SE(2) or SE(3) which represents the translation and rotation of the snakelike robot. For example, the translation and rotation of a planar rigid body can be described by a point in SE(2) which can be written as [28] 
where θ is the orientation angle. In geometric mechanics, the pose is called kinematics phase or the dynamics phase. We use η to represent the net velocity andṙ to represent the shape velocity. Generally, we have [28] η + A (r)ṙ = 0 ( 1 ) where A (r) is called local connection in the language of differential geometry. In the next section, we will derive the local connection for snakelike robots with the passive wheels and underwater snakelike robots.
III. LOCOMOTION MODELING BASED ON GEOMETRY MECHANISM
A. Kinematic Connection
A snake can move forward by winding its body because of its special belly with anisotropic friction. The snakelike robots are anchored with passive wheels to imitate the belly of snakes. We assume that the passive wheels cannot slip sidewise, which introduces nonholonomic constraints. These nonholonomic constraints build the geometric construct of the multibody system. As we have described, the configuration of a snakelike robot can be described by a principle fiber bundle E = S 1 n −1 × G. The nonholonomic constraints endow the multibody system more properties. Let (x, y, θ) denote the head pose of the snakelike robot. As in Fig. 2 , (x, y) is the coordinate of end point of the head. Let the joint angle from module i to module i + 1 be φ i , then the absolute orientation angle of module i + 1 equals θ i+1 = θ i + φ i , where θ 1 = θ, 1 ≤ i ≤ (n − 1) for an n-modules snakelike robot. In the local coordinate system, the general coordinate is q = (x, y, θ, φ 1 , . . . , φ n −1 ). We assume the passive wheels being at the center of each modules. The coordinate of the center for each module can be represented as
where l is the length of each module. Differentiating the above equation, the nonholonomic constraints can be represented aṡ
where i = 1, 2, . . . , n. There are n nonholonomic constraints for an n-modules snakelike robot, so the dimension of the feasible velocity space is 2. In differential geometry, the constrained feasible space is called a distribution. The distribution space can be spanned by the base vectors
We assume that E = {e α }, α = 1, 2 is a vector fields on the velocity distribution space, then these vector fields are referred to a moving frame [39] . Let F q denote the set of all frames at q, and F Q denote the disjoint union of the sets F q ; this disjoint union is called the frame bundle [39] 
Each set of bases correspond to a section. Choosing different sets of bases is thus also choosing different sections. For the snakelike robot, when the sections are different, the corresponding quasi-velocities represent different actual velocities. The relation between quasi-velocity and actual velocity can be represented asq
where υ denotes the quasi-velocity. For an n-modules snakelike robot, a set of useful basis as follows:
where φ 0 = 0. As we take this set of basis, the quasi-velocity equals the velocity of the head end. We will use formula (7) to generate the serpentine gait in the following section. From formula (5), let
.
Another very important set of basis is derived 
As we take this set of basis,υ 2 equals the angular velocity. We can also use this set of basis to generate serpentine gait.
B. Hydrodynamic Connection
The hydrodynamics connection have been derived for threelink underwater snakelike robot in our past work [40] . However, it is difficult to extend to more higher dimension. In order to derive the explicit hydrodynamic connection, the Lie group theory is introduced. As in Fig. 3 , g i attached with module i is a Lie group which is used to representing the pose. The configuration space is G × · · · × G. Because of modules are connected by revolute joints, the Lie group is not independent. Let p i denote the relative pose between module i and module i + 1,
The configuration space of the underwater snakelike robot can be described by the principle fiber bundle E = (g 1 , p 1 , . . . , p n −1 ). Unlike the snakelike robot with passive wheels, there is not constraint of side velocity for the underwater snakelike robot. However, for the robot begins at rest, the total momentum of the robot and fluid remains identically zero. Using this property of the system, hydrodynamics connection can be derived based on geometry mechanics [34] .
For a planar snakelike robot, let ξ i ∈ R 3 be the velocity of the ith link with respect to a reference attached to that link, where ξ ij denote the jth component of ξ i . The kinetic energy of robot and surrounding fluid can be expressed as 
In this paper, we consider the robot as a system of neutrally buoyant. So, the gravity can be ignored and the Lagrangian function of the system can be expressed as
where
Using the conservation law of angular momentum, we can derive
where ξ 1 denote the head velocity.
To derive the explicit representation of the velocity, the Lie group theory is introduced. From Lie group and Lie algebra, the velocity can be denoted by
T denotes the projection matrix. Ad p
ξ i denotes the adjoint mapping which can translate the coordinate from frame i to frame i + 1. The global form for (13) can be represented by [41] 
From (14), we derive
For the element of matrix
Substitute (16) into (12), we can derive
Finally, the forward kinematics equation is derived
Let
IV. SERPENTINE GAIT GENERATION METHOD
Models based geometry mechanics have been introduced. The serpentine gait will be generated based on the models. First, the locomotion of the snakelike robot is analyzed based on formula (6)−(8), and the heuristic serpentine gait is proposed. Then, the projection matrix is introduced to the hydrodynamic connection and novel gaits are discussed.
A. Gait for Snakelike Robots With Passive Wheels
As (7) is taken as the basis, quasi-velocity
T . The serpentine gaits can be generated by planning the velocity of the head end. Equation (8) So, the second component of the quasi-velocity isυ 2 = l 2θ which can also be derived by analyzing the velocity of the head. As in Fig. 2, let H 2 and H 1 be the center and the end of the head. As of the passive wheels installed at the center of the head,υ 2 H 2 = 0. The second component of the velocity iŝ
A snake moves forward by winding its body repeatedly and the snakelike robot also need to continuously change its shape that means the velocity υ 2 orυ 2 should be periodic. Inspired by this idea, the serpentine gait can be generated by planning υ 2 or υ 2 . A feasible method as follows:
whereẋ 0 is the forward velocity and ψ is the turning angle which can be controlled byψ =ẋ 0 r 0 (20) where r 0 is the turning radius. The parameters A and ω are the amplitude and angular velocity of oscillator. When the serpentine gait is taken, the shape of a snakelike robot will be a wave. Inspired by the propagation of traveling wave, the angular velocity of oscillator can be estimated as
where n 1 is the number of wave formed by the whole body of the snakelike robot, and n 2 is the total number of modules. A is used to control the amplitude in the "y" direction.
We take a nine-modules snakelike robot as an example. Letẋ 0 = 0.2 m/s, A = 0.2, r 0 → ∞ which mean the snake will move along a line, n 1 = 1, n 2 = 9, l = 0.064 m, then From the above examples, the serpentine gait generated by our proposed method is a general periodic signal. We do not prior assume the sinusoidal form of the serpentine gait, but add a sinusoidal disturbance onto the desired velocity. So, the serpentine gaits generated by the proposed method directly couple with the locomotion of the snakelike robot, which enables the desired locomotion to be realized efficiently. For the curve based method and the CPG-based method, the parameters have to be tuned to realize the desired velocity. It needs to spend much time to tune the parameters and sometimes it is impossible to reach the desired velocity whatever how to tune the parameters.
B. Gait Generation With Hydrodynamic Connection
In the final section, the hydrodynamic connection is derived by (17) denoted as A f . The reconstruction equation is
Let d = [η, μ, θ] denote the integral of ξ 1 , then
Using Stokes theory, we have (24) where i = 1, 2, 3 and j, k = 1, . . . , (n − 1). Δd is an area integral on a manifold with (n-1) dimensions. Generally n is more than 6, it is difficult to understand high-dimensional integral. To generate serpentine gait with a simple planar graph, a projection matrix is introduced. A good projection matrix follows
where ϕ is the projection constant which represents the phase difference and γ 0 represents the phase bias.
T denote the coordinate after projection, then r = Pr ·σ.
The benefit of choosing (25) as the projection matrix is that if
As σ = [cos (ωt), sin (ωt), 1]
Equations (27) and (28) are the most common gait for underwater snakelike robot. When eels swim, they swing with varied amplitude along their bodies [42] . We assume A (s) = a 0 e αs (29) where a 0 = 0.18, α = 1.2, s is the length along the body. Let the length of a single module is 0.18 m, then the projection matrix as follows:
(30) Submitting (26) into (22) , let σ 3 = σ 0 which is a constant. We assume σ 3 = 1. (24) will become
Any closed curve on the plane of σ 1 − σ 2 will be a gait. The serpentine gait can be generated by studying the contour of h.
1) Forward Locomotion Gait:
The pose matrix g 1 ∈ SE(2) is not abelian, so g 1 cannot be derived by directly integrating. However, the forward locomotion gait can be generated by studying the contour of h. (30) is taken, the serpentine gait is called eel-like gait. Fig. 6 shows the contours of h 1 and h 3 where ϕ = π 4 , γ 0 = 0. As shown in Fig. 6(a) , the shape of the contour 
The corresponding gait is
2) Turning Locomotion Gait: The turning angle can be derived by directly integrating from (31)
The turning serpentine gait can also be generated by studying the contour of h 3 . Fig. 7(a) is the contour of h 3 where the projection matrix (25) is taken, ϕ = π 8 , γ 0 = 0.3. Any closed cure will be a turning gait if the curve integral of h 3 does not equal zero. As shown in Fig. 7(a) , the red circle is a turning gait. The equation is σ 1 = 0.5 cos(ωt); σ 2 = 0.5 sin(ωt) which corresponds to the gait φ i = 0.5 cos(ωt + iϕ) + 0.3. As the projection matrix (30) is taken, the eel-like turning gait will be derived. 
V. TESTS AND ANALYSIS
A. Serpentine Gait for Snakelike Robot With Passive Wheels
The serpentine gait generated by our proposed method is validated with a real snakelike robot installed passive wheels as in Fig. 8(a) . The snakelike robot system contains nine-modules, a lithium battery, a pair of wireless transceiver module, and a computer. The length of a single module is 0.64 m. The serpentine gait is generated by (19) . Fig. 8(b) shows the results. When the velocity V 0 changes from 0 to 0.6 m/s, the actual velocity will change first linearly and then nonlinearly. It is easy to understand. When the snakelike robot moves slowly, there is no side slip and the model (6) is accurate. However, the module will slip if the snakelike robot swing too quickly and the model (6) will not be accurate.
B. Serpentine Gait for Underwater Snakelike Robot
In order to validate our proposed gait generation method with hydrodynamic connection, a real underwater snakelike robot is used as in Fig. 9(a) and a numerical simulation based on Newton-Euler method with the model of hydrodynamic forces from [43] is also taken. The simulation process is shown in Fig. 9(c) . The recursive Newton-Euler method contains three processes: two forward recursions and one backward recursion. The velocities and reaction forces from water are derived in the first forward recursion. The head accelerationξ 1 is derived in the backward recursion. Finally, the joint torques are derived in the second forward recursion. Fig. 10 shows the simulation results. The forward locomotion is shown in Fig. 10(a) and (b) , where the forward gait φ i = 0.5 cos(ωt + π 4 i) is taken in Fig. 10(a) and the eel-like gait (33) is taken in Fig. 10(b) . The experiment with the real underwater snakelike robot is also made as in Fig. 9(b) with the gait φ i = 0.5 cos(ωt + Fig. 10(c) and the eel-like turning gait (36) is taken in Fig. 10(d) .
VI. CONCLUSION
In this paper, a novel serpentine gait generation method is proposed based on the geometry mechanics. Difference from the traditional gait generation method, the proposed method does not limit the gait to the sinusoidal signal. For the snakelike robot with passive wheels, the forward kinematics is derived by modeling the nonholonomic constraint and the serpentine gait is generated by planning the quasi-velocity. For the underwater snakelike robot, the hydrodynamic connection is derived and the projection matrix is introduced. By studying the height function, the forward and turning serpentine gaits can be generated from a contour graph. Finally, the experiments and numerical simulation validate our proposed gait generation method. In the future work, we will combine the serpentine gait generated by the proposed method with the locomotion planning.
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